Contraction Mapping and Their Generalizations

'Reeta Sahu; *Vikas Dubey; ‘Sagar Sharma; Ratnesh Tiwari

!Asst. Statistical officer, DRDA Balod, C.G. India
*Department of Physics Bhilai Institute of Technology, Raipur C.G., India

Email: reetasahu85@gmail.com

Abstract:- The contraction mapping principle is one of the
most useful tools in the study of nonlinear equations, be they
algebraic equations, integral or differential equations. The
principle is a fixed point theorem which guarantees that a
contraction mapping of a complete metric space to itself has
a unique fixed point which may be obtained as the limit of an
interaction scheme defined by repeated images under the
mapping of an arbitrary starting point in the space. As such,
it is a constructive fixed point theorem and hence may be
implemented for the numerical computation of the fixed
point.
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I. INTRODUCTION AND THEORY:
Let us first define some terms

Fixed point

Let (x,d) be an metric space & let T: X —» X be a
mapping. Than T is said to have a fixed point if there
exists a point in X such that

TX) =x

Contraction mapping

The mapping T is said to be a contraction mapping if
d (Tx, Ty) = Cd (xy) ¥ xy X

Theorem : Banach’s Fixed Point Theorem

Every contraction mapping on a complete metric space
has a unique fixed Point.

Proof: Pick an element X, belonging to X
arbitrarily. Construct the sequence

{X,} asfollows:

X1 = TXy, X, =TX(,
X3 = TX,;, X, =TX;3

This sequence {X, } is called the iterated sequence

We have,

d (X;, X,) =d (TXp, TX;) = cd (XO, X;) = c'd (XO,
TX,)

d(X,,X3)=d(TX;, TX;) = cd (X1,X,) = €2 d (XO,
TX,)

d (X3.X5) = d (TX,,TX3) = cd (X5,X3) = C3d (X, TX,)

d (X,, X,41) = C™d (X0, TX,)

For any positive integer m

d (X, Xn)  =dXX0)* d (Knpr,Xpe2)+ d
(Xnt1) Xng2) +
+d
Xm-1, Xm)
< cnd(X,, TX,)+ Cv* d
(X0, TX,)+
------------------ +C™d (X,
TX,)

.___-ﬂ: (Cn+ Cn+1 oo

+C" ) d (X,, TX,)

=C" - C™ d(X,.TX,)
1c

= " d(X,,TX,)
1-c

ISSN (Print) : 2349-1094, ISSN (Online) : 2349-1108, Vol_1, Issue_1, 2014

13



Advance Physics Letter

Since O<<c¢c<1
Therefore d (X,,, X,,) #0asn— &2

Thus (X,,) is a cauchy sequence Since, x is complete, (
X, ) converges to Xx.Let us prove that x is a fixed point
of the operator T,

ie. T(X)=x

Now,

dx, TX)  <d(x,X,) +dX,,TX)
< d(X, X,) +d(TX,_{, TX)

ZdXx,)+tcdX,_1,X)

X, =X)

Hence T (x) = x i.e., x is a fixed point of T.

Uniqueness of T

Lety be an element of X such that .
Ty =y

Now,

d(x,y) = d(Tx, Ty) == cd (x,¥)

If, x=vy. thand (x,y) = 0

& dividing by d (x, y)

We have C= 1, which contradicts the hypothesis that
0=-c=1.

This contraction shows that x = y. Thus the fixed point
is unique.

Il. RESULTS AND DISCUSSION:

Every compatible pair of mapping is a compatible pair
of mapping of type (T).

Proof: Suppose that | & T are compatible mappings of a
normed space X into itself. Let {x,,} be a sequence in X

such that lim,,_,, 1x, = lim,_, Tx, =tsomet & X
We have

11T, Ix, 1= 00T, - T, I+ 1 T, =T, I+ 1l
Tx, - lx, |l

ie:

| 1T, - 1, I+ 11 1Tx, - Tlx, |l

<21 0Tx, - Tdx, I+ 1| Tl - T, Il +

| Tx, - Ix, |l
Letting n— oo, since | & T are compatible we have.

lim, I1Tx, - Ix, Il + lim,_, I ITx, - Tlx, |
<lim, ., | Tlx, - Tx, |

Therefore, | & T are compatible mapping of type (T).

Similarly, we can show that | & T are compatible
mappings of type (I).

Suppose that | & T are compatible mappings of a
normed Space X into itself. They are compatible if and
only if They are compatible both type (T) and (1).

Proof:
The necessary condition follows by proposition (1.1).
To prove the sufficient condition.

let | & T be compatible of both types (I) & (T). then we
have

1) lim, ., |
ITx, - lx, | +lim,_, I 1Tx, - Tlx, | <lim,_, Il Tlx,
“Tx, |l

2 lim,_ |l
Tlx, - Tx, I + limy,_, I 1Tx,-Tlx, I <lim,_, Il ITx,-
L, I,

Whenever there exists a sequence {x, } in X such that
lim,_, lx, =lim,_, Tx, =t

for some tin X. Adding (1) & (2) and cancelling the
common

term, we obtain
lim,, o T2, - Tl ] 11 =0
Which implies that lim,, ., l1Tx, - Tlx, [I=0
Therefore, the mappings | & T are compatible
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