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An Eco-Epidemic Model with Disease in both Prey and Predator
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Abstract — In the present paper, a four species model is
proposed and analyzed. It is considered that the infection
floats both in prey and predator. The species once infected
cannot be recovered. Consequently, SI model is taken for
both the prey and predator populations. It is further
assumed that the predator population (both susceptible and
infected) consumes only the infected prey. Conditions for the
existence and local stability of all the feasible equilibrium
points have been carried out.
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I. INTRODUCTION

The study of infectious diseases represents one of the
oldest and richest areas in mathematical biology and it is
also important and interesting to study ecological systems
under the influence of various epidemiological factors.
Many researchers had tried to merge ecology and
epidemiology and their efforts results in developing a new
important branch of mathematical biology named
eco-epidemiology [1], [2], [3]. Most of the
eco-epidemiological studies are limited to study the
situations where only prey species can get infection [4],
[5], [6]- A few studies consider the spread of disease in
predator species [7, 10, 11].

Many researchers modeled and studied the problem of
Salton Sea in California [5, 8, 9]. The Sea is getting
polluted by the waste water from Coachella and imperial
valleys. The lack of out-flowing streams has resulted in a
gradual build up of salts and nutrients in the Sea, causing
massive algal blooms in the sea. These algae die as fast as
they grow. When it dies, dissolved oxygen from the water
is wasted. This process becomes dangerous for the species
in the sea especially in summers. Millions of Tilapia dies
off every year due to this vivrio infection. This disaster
did not stop here. The interaction of the pelican birds
(predator of tilapia) with sick tilapia becomes the reason
for the infection in birds also. On August 12, 1999, almost
8 millions of the fish died and about 14000 water birds
which include mainly white pelicans died after eating the
infected tilapia. Many researchers tried and are trying to
stop this natural disaster, but they are not able to solve the
problem completely.

In the present paper, a predator-prey model is proposed in
which both the prey and predator are infected with disease.
An SI model is considered both for the predator and prey
species as it is assumed that susceptible predator and prey
once infected will never recover. Also Holling type-II
functional response is considered. Further it is assumed
that the predator species (both susceptible and infected)
consumes only the infected prey species, as they are low
in their mobility and so are easily catachable.

Il. MATHEMATICAL MODEL

To form the mathematical model, we take the following
assumptions

1. The prey species grows with growth rate r.

2. Both prey and predator populations are invaded by a
disease.

3. Mass action incidence rate for transmission of
disease.

4.  Predator species eats only the infected prey.

5. Holling type-1l functional response for predator is
considered.

Under above assumptions, following mathematical model
is formed.

dx

—=r—fxy—d,x

pm Bxy—d,

dy o yz a,yw
= _ —d.y—22
dt Py 1+y 27 1+y

dz Cy
Z o7 —d, + 2L |-
pm z( 3+1+y] Azw o

dw

W _w| —d, +2Y
dt ‘

T y]+/112w
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where 'r' is the constant recruitment rate into the prey
population, d;, d,, d; and d, are the natural death rates of
the susceptible prey, infected prey, susceptible predator
and infected predator population respectively, ¢, and ¢,
are respective conversion factors of susceptible and
infected predator populations where ¢,>C,, a; and a, are
their respective search rates. A, is the disease transmission
coefficient in predator population.

1. MATHEMATICAL ANALYSIS

The system (1) has following equilibrium points.

(i) E;(x.,0,0,0), where x, = dL , which always exist.
1

i d -dd

(D E,(x,.y,, 0,0), where x, :EZ, Y, :%,

exist if and only ifr 4 —d,d, > 0. )

(iii) E5(%3, Y5, 0,W;)

where x, = rc, —d,) . Y= d, :
dl(cz_d4)+ﬂd4 Cz_d4

e G (rp-dd,)(c,-d,)-d,d,A
> a,(c,-d,) d,(c, —d,)+ Ad,
d,d, B

hich exist if ¢, >d,, (rg—-d.d
which exist if c,>d,, (rg 12)>(cz—d4)

d2d413+ d1d2 (Cz _d4)
ﬂ(cz _d4)

iec,>d, r> =1, (say) (3)

(iv) B, (X, Y4:24,0)
r(c,—d,) Y, = d,
d,(c, —d;) + Bd, * ¢, —d,

7 = G (rﬁ_dldz)(cl_d3)_dzd3ﬂ
KD d, (c, —d;)+ 3,

where x, =

which exist if ¢, >d,, (rﬂ—dld2)>dZd—3ﬂ

(c,—d;)

d,d,s+dd, (Cl - d3)
ﬂ(cl - da)

ie.c >d;, r>

=f,(say) (4)

W E" X,y 7 W)

.1

. r
where x” = z :—(dr

d,+ By’ A

w*:i c,y _d,
A\1+y

Gy
1+y

and y" is the positive root of the equation

Ay +By”? +Cy"+D=0

where A=—4d,[ <0

B = pAr - Boyd, + Boyc, — Bo,gy

+ fa,d, —A4dd, -254d,

J

®)

C=2pAr-pad,—a,dd, +d,cC, + fa,d,
—a,cd, +a,dd, - pAd, -24dd,

D=pAr-odd, +a,dd, - 4d,

d,

Clearly equation (5) has a positive root for y* if D >0

d,d, o —a,d; + 4d,d,

()

ieif r> =f,(say) (6)
Ap ’
Again z° and W' exist if % <y—* < 4
¢ 1+y ¢

The variational matrix for the system is given by

[-By-d, —px 0 0
ay a,y
X _ %y _ %y
Py 1+y 1+y
(o4 cy
0 1 —d, - —1 -
0 CZ—WZ AW —-d, +/112+C2—y
i (1+y)
Where
o,z o,W o,z o, W
X = X— 1% . 22 + 1 2
(ﬁ 1+y 2 1+ yj y((1+ y)?  (L+Y)?

Following theorems will provide the stability of five

equilibrium points of the system (1)
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Theorem 1: The equilibrium point E, (X;,0,0,0) is
locally asymptotically stable if Sr—d,d, <O.

Proof: - The Eigen values at El(xi,O, 0,0) are given

by
glz_dl’ §2=,3X1—d2, §3=—d3, §4Z_d4

Clearly &, &, &, <0,
and &, <0if gr—dd, <0 (8)

Theorem 2: The predator free equilibrium point
E,(X,,Y,, 0, 0) ifexistis locally asymptotically stable

if y, <min _d Gy
2 c,—d, ¢ —d,

Proof: - The characteristic equation for the equilibrium
point

E, are given by

[§+d4—£2QJE§+d3—£@QJ(?4%ﬂyz+d05+ﬁ59w)=0

1+vy 1+vy

Third bracket will have all the eigen values negative as the
coefficients are all positive.

The first and second bracket have negative eigen values if

Y, < d, and y, < d, :
C, _d4 C - ds
_ . { d, d, }
ie. Y, <min , ©)]
c,—d, ¢ —d,
Theorem 3: The equilibrium point

E; =(%, Y3, 0,w,) if

exist is  locally  asymptotically  stable if
w, +d
Ys <jj *—3 and @,a8,>0, aa,—-a,>0,
1+y,

where

= d. — %YW
a =pfy,+d, A+y3)z

AL AN AR A NAD +B(B% 7)Y
vy R

(1+ y3)2
_ azczﬁY32W3 + a,C,d, YW,
(1+ y3)2 (1+ y3)2

8,

Proof:-The Characteristic equation corresponding to the
equilibrium E3 are given by the equation

[cf+d3—f;yy33 +ﬂlw3j(§3+a1§2+a2§+a3)=o

, Where

= d. — %2 YsWs
ai ﬁy3+ 1 A_-}— y3)2

a,Cy.W, a,fWy:  a,dy,w.
a, = 22323_ 2 3;._ 21323+ﬂ(,3X3—}/)y3
(L+ys) (I+ys)  (1+ys)
_ Ay, L BGhYsWs always
2 2 !
(L+y:)" (14
Now the first bracket will have negative root if
Yo AW, +d
1+, G

criterion, the second bracket will have negative eigen

values if a,,a,>0, aa,—a, >0.

3 Again by using Routh- Hurwitz

Theorem 4: The equilibrium point E, = (X4, Vi 24, O)

if exist is locally asymptotically stable if
d,—Az
Yo G A, and &,a,>0, aa,—a,>0 ,
1+y, C,
where

CY, oY,
- +(py,+d
14y, (1+y,) (s +d,)

_ aCz,y; L OCZY, a,d.2,Y,
(1+ y4)3 (1+y, )3 (1+ y4)2

a1:d3_

+(ﬁy4+d1) ds_ CYa _ Y,24

+ %X,y
1+y, (1+y4)2 4 Y4
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oGy, a1C1Y4ZZ4 a,d,y,z,
a,=(py,+d,)| == -
(y.+a) @+y,)’ (1+y4)3 (1+ y4)2
C. X, Y,
+ 2d X e U
pd:x,y, 1+y,

Proof:-The Characteristic equation corresponding to the
equilibrium E, are given by the equation

(§+d LA j(§3+31§2+a2§+a3):0
where
c,y a,y,z
—d. - Vs  HVals +d
=% Yo (1+y,) (Y. +d)
_ oGz, yf aCZ,Y, a,d,2,Y,
2
(1+y4)3 (1+y4)3 (1+vy,)
CY, Y42, 2
+(pBy, +d,)| d, — 22— + B°X,Y
(. l)( Ty (1+y)) D
.G, Y, 2, a1C1y4ZZ4 d;Y,2,
& =(BY,+d,)| g+ -
( 4 1)[(l+ y4)3 (1+ y4)3 (1+ y4)2
2 2
2d.x RN
+ﬂ 3 4y4 1+ y4
Now the first bracket will have negative root
i1 < dy ~ A2, . Again by using Routh- Hurwitz
1+y, C,

criterion, the second bracket will have negative eigen

values ifa,, a,,a,>0, aa,—a, >0.

Theorem 5: The interior equilibrium
point E*(X*, y', z W*) , is locally asymptotically
stable if

a >0,i=0,123and a,a,—a >0,aa,a,-3a°-a,a, >0

LAY TW o CAY W
: (o) ey
_(ﬂy +d1) _az%zy*z*w*z alﬂ'lzy*z*ZW*
@+y) @+y)
AT Do
(1+y*)2 (1+y ) THERXY W

where a, = (By" +d,) azCzy*W; LGy i
(1+ y*) (1+ y )
LAY TW  aCAYTW BTy TW? o APy W
(l+ y*)z (1+ y* )2 (1+ y' )2 (1+ v )2
, = Olzczy +i1 Z*+ﬂ2**M
(L+y’ ) (1+y )
—(By +d) aly**z*z + azy*\:v*z
(L+y) (@+y)
B = By +d, DY E YW
(1+y7) (1+y)

Proof:- The characteristic roots corresponding to the
equilibrium E™ are given by the equation

&' +ad+ac’ +ad+a, =0

By using Routh- Hurwitz criterion, the equation will have
negative roots if

a,>0,i=0,1,2,3and a,a,—a, >0,

a,8,3; —a," —a,’a, >0
Hence proof.
IV. CONCLUSION

In present paper, a prey predator model is considered in
which both the predator and prey species is infected with
some disease. An Sl model is considered for the both the
predator and prey species. Holling type-1l functional
response is considered. Conditions for the existence and
stability of all feasible equilibrium points are obtained.

Further it is found that if E, exist then E, is not locally

stable. It is further concluded that E, exist if the constant
growth rate 'r' is sufficiently large so that the equation (3)
is satisfied. Similarly if equation (4) is satisfied, then E,

exist. Conditions for the existence and stability of
non-zero equilibrium point are also obtained.
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