A Novel Procedure for Solving Multi-Support Obstacle Problems

P. V. Ramana

Department of Civil Engineering, MNIT, Jaipur, India
E-mail : pvramanaphd@gmail.com

Abstract - An innovative method has been applied for cable
stayed and continuous bridge multi-support linear obstacle
problems to improve the accuracy and convergence of
above mentioned problems. Compare to conventional and
numerical technique, the innovative method gives better
and closed form solution. The continuous support bridge
problems can easily solve with help of innovative method,
which is decomposing technique and semi-analytical
method. The decomposition innovative method results are
found to converge very quickly and are more close to exact
solution. There are many obstacles in multi-support
problems like cable stayed and continuous support
bridges; with ease one can solve the problem effectively
using innovative method. Demonstrated results deficits
that the innovative method can use any type of typical
problems for which the closed form solutions are
cumbersome.

Keyword - Obstacle problem, Multi-support, Analytical
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I. INTRODUCTION

A novel technique applied for solving continuous
support bridge problems. In recent years the
developments of the high-speed digital computer and
increased interest in continuous and linear phenomena
have led to an intensive study of the numerical solution
of ordinary and partial differential equations. The
innovative decomposition method is a non-numerical
method for solving linear and nonlinear differential
equations, both ordinary and partial. The general
direction of the paper is towards obtaining solution for
ordinary and partial differential equations (PDES). In the
1985s, Adomian [1, 2, 12,13] proposed a new and
ingenious method to obtain exact solution of linear and
nonlinear equations of various kinds like algebraic,
differential for both ordinary and partial, integral, etc.
problems. The technique uses a decomposition of the
nonlinear operator as a series of Adomian functions.
Each term of this series is a generalized polynomial
called the Adomian polynomial. Some techniques which
assume essentially that the linear and nonlinear system

is almost linear after equivalent linearization will not be
able to retain the originality of the problem. Present
technique consists of splitting the given equation into
linear, remainder and nonlinear parts, inverting the
highest order differential operator contained in the linear
operator on both sides, identifying the initial or
boundary conditions and the terms involving the
independent variable alone as initial approximation,
decomposing the unknown function into a series whose
components are to be determined, decomposing the
linear and nonlinear function in terms of special
polynomials, and finding the successive terms of the
series solution. The present innovative method provides
the solution in a rapidly convergent series with easily
computable components. The main advantage of the
method is that it can be used directly to solve, all types
of differential equations with homogeneous and
inhomogeneous  boundary  conditions.  Another
advantage of the method is that it reduces the
computational work in a tangible manner, while
maintaining higher accuracy of the numerical solution.
The conventional have systematic procedure and
follows some assumed rules, but using the innovative
method, one can solve the problem straight way.

Il. CONTINUOUS SUPPORTED CABLE STAYED
BRIDGE SYSTEMS

The variational inequalities provide natural, novel
and innovative settings for formulation of the multi-
support, unilateral, contact and equilibrium problems
arising in elasticity, transportation science, structural
analysis, economics and optimization. In a variational
formulation of such problems, the location of the contact
area i.e. free boundary, becomes an intrinsic part of the
solution and no special techniques are needed to obtain
it. If the obstacle is known, then the variational
inequalities can be characterized by a system of
differential equations by using the penalty function
method described by Lewy and Stampacchia [3]. The
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main computational advantage of this technique is its
simple applicability for solving the system of
differential equations. In recent years, Al-Said and Noor
[4], Khalifa and Noor [5], Noor and Al-Said [6] and Al-
Said et al. [7] have used Collocation, finite difference
and spline methods for solving such a type of second
order system of differential equations associated with
multi-support and unilateral problems. In the current
paper, the present technique is used for obtaining
solutions of the nth-order boundary value problem of the

type
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with the boundary and continuity conditions
ulo) =u(l) =4, 1"’a‘|:u"|:b:|:.-'s:.
u(c) =u{d) =B, u"{c)=u"{d)=E,.
ule) =ulhd) =4, u"{a)=u"(h) = A4,
u(c) =u{d) =E,u"{c)=u"{d)=E,.
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where f and g are continuous functions on [a, ¢] and
[c,d] respectively. The parameters r, 4 4: and B: B:, |
=1, 2,, nare real constants. Such type of systems arise
in the study of multi support problems and has important
applications in other branches of pure and applied
sciences, referred by Adomian, Noor, Cherruault et al.
[4,8,7,6,9,10,11,12,13].
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Fig. 1: Beam Orientation with different loading conditions
The figure (1) shows, beam orientation with different

loading conditions and corresponding boundary values.
Considering an " ™" -order boundary value problem,
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with the boundary conditions

u(c) = u(d) = B, u'" (¢} = u"(d) = B,

u(c) = u(d) = By.u"(c) = u"{d) = By,
to solve equation (1). To begin, it is convenient to
rewrite equation (3) in innovative method standard
operator form Lxu = glxjulx]+ f(x]+7. where the

AR

differential operator LxZ:is given by “* T
“x =z Where g(x) and f(x) are continuous functions
meant to define multi supports by introducing
appropriate discontinuities. The inverse operator Ly
L:"is therefore considered as an n-fold integral
operator defined by

= [0 ¢y ddx dod,

ey =100 000

Lty =00 001 () dxdx dxd, @)
Operating with L:*L  on equation (3) and using the
boundary conditions at x = ¢,
u(x) =B +Ax-0+ 35’- (x—cf + ;;B(r — o+ 5By - o)
++ 174 ;rul—" e
u(x) =B +Ax-c)+ ;B-n’r -cf —%Eﬂr— oF + — B.(x—c)*
+4+ 15 J’m—" (f(x)).
()

Here ¢ and d are defined as the obstacle points, where
the constants < = u (e B; = u; (¢]

A=u(c). B = u; (¢ will be determined later by using
the boundary conditions at x = ¢ and d. Now,
decompose the unknown function u(x) as a sum of
components defined by the series

s Thm o
ULX)] = Lj—p Uil X).

L B bt
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o
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The zero ™ ™ or %2 component is usually taken to be
all terms arising from the boundary conditions and the
integration of the independent term f(x) and r

Ug =B, +Ax—c)+ B, (x—c)y +-B{x—c)
+1B 0 — )t + HLFNF ) + 7).
Ug =B, +Ax—c)+ B, (x—c)y +-B{x—c)
+3B(r — ) + LT () + 7).
(7)

The remaining components %=l m = Lug(xln =1

can be completely determined such that each term |s

ISSN : 2319 — 3182, Volume-2, Issue-2, 2013



International Journal on Theoretical and Applied Research in Mechanical Engineering (I TARME)

computed by using the previous term, since Yoo is
known. Therefore,

Uy =L gy ) = 1

ty = L7Ng()ung)n = 1, ®)

The innovative decomposition method procedure
described is followed, where in the initial term

containing the known boundary conditions(defined
before) is kept aside as *c *c and the terms one by one

viz A(x-c), Bl¥ — )" (x —<cl}” are taken along with

the inverse operations. They are iMz:Hz. Hpitz Ug.
etc, as shown below. Since the computation in equation

(8) depends heavily on z g, the whole computations
to find the solution will be simplified considerably. For
example an alternative to equation (7) might be
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Uy = Lyt (g )up_cbn 22 Finally an  N-term
approximate solution is given by

oA -;'-v. et e
u(x) = Lip ug(x)iz L

=

[

u(x) = Bl wi(x).i = 1 9)

To show the effectiveness of the proposed innovative
decomposition method and to give a clear overview of
the methodology. Now using the idea of Lewy et al.[3],
then equation (10) can be written for fourth order form
as

ul#

$vlu—ylu—y) = f. (10)

ut +vfu -yl - ) = f. (11)
where ¥ % is the obstacle function and v(t) is a penalty
function defined by

4, a,

0 0. (12)
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The singularity function ¥ (1% (x ]} s chosen as
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I11. AN INNOVATIVE DECOMPOSITION
METHOD: MULTI-SUPPORT OBSTACLE
APPLICATIONS

An application of continuous support equation (10)
can be written for fourth order form as
ul® +vfu —ylu-y) =,
u® +vfu —ylu-¢) =1, (14)

where ¥ % s the obstacle function and v(t) is a penalty
function defined by
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Assume that the obstacle function ¥ (¥} is defined by

lfor—l=xr<—‘and Z=x =1,
vor=(i S
VCfor—-=x =
—Zfor—l=r=—-and S=x=1
wIJ"I—( N 1 i
Cfor—lzxzl
(16)

From equations (14) - (16), one can obtain the following
system of equations

(If Eur—liri—%andfiygl

'-..1_4~J_f- for —-= x = -

'-..1_4~J_f- for —- = x = -

17)

with the boundary conditions
M—H=uﬁéa=ué3=uaj=m
u(~1) = u(=3) = u@) = u(l) =
u I _ll =u I\_ _.-I = ul.'\?f‘ = u“'-\l,.l = |:|- (18)

and the conditions of continuity of u and % U at x =

> Zand::.
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3.1. 4" Order Homogeneous Obstacle Continuous
Bridge Problem

Considering the present method to solve the system
of differential equation (17) when f =0, viz.,

[0, rar—liri—% and%iril.

ap =l =

-4,

V1 —4u, for—-=x=-,

A e
Cl=u(l} =10,

Ul—l:l =u|—%|:u|j|

u"{—lj = —u"ui—%| = 3_4"|:%:| = —u"|:1:| = E,

u(-1) =u(-3)=ul)=ul)=0

w'(-1) =-u'(-)= u"(%j =—w'(D=s o

where £ =~ 0.

Innovative decomposition Solution: The above equation
(19) can be written as L.y =0andl—du
Lyw=0and1—4u where the linear operator is

= 2= 5 T 2= pre-multiplying both sides of the

equation (19) by L L:i"for each case. Apply the
boundary conditions to determine the unknown
variables viz. ©1 %1 to &4 24,

Like case 2, the remaining cases 1 and 3 also can solve
easily and apply the boundary conditions to determine

the unknown variables viz. ©i%ito ©i%i The
innovative decomposition method solution is

-
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(23)
Exact Solution:

The exact solution [14] is given below. The result is
shown in figure (2).

(=0 - -=r4e fr-1gns -,

ur)= 0.5—i{¢{s’.n{r]s’.nh{r]]—¢_-{cos{r]cush{r]]]. for-=2rs-,

\(=orf 4o ==t

[(_fa Ba B L
(-r'--x'-—rt)e
u(x) = 0.5—fx(¢(s’.n{rjs’.nh{r}]—¢:(cos(r]cosh(r]]]. for--2rz-

T Il

; 1 1,807 = :\_
Lt S e Sl s oy
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Where ®: = sin{=)sinh (=), ¢, = cos(=}cosh(=]}
@y = s’.n{?js’.nh{?]. g, = cu:us{?ju:u:ush(?j and
a; = cos{1) +cosh{l} &; = cos{1} +cosh{1}

The boundary value problem from example above was
solved by the present method over the intervals

FL-A- Ry BB
e=10"%z=10"°%

when
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[Displacement u & Exact).]

(Present  technique
[Obtained results with three different portions]

Figure 2: Variation of Displacement, Slope and 2" 2™

a

Derivative of Displacement [} (%} diagrams with
X (Present technique & Exact).

3.2. Homogeneous 2™ Order Multi-Support Cable
Stayed Bridge
The continuous support 2% 2" order multi-
support cable stayed bridge equation and boundary
conditions shown are

[ f for0=r=-and —<x =7
u..lir:l =( - -;T 3

vut+ f—1 for-=x=—

'f furﬂiri§a:1dz—71ri"
U“':r:l =( - -;T 3

\ut+f-1 for-<x<—

(25)

with the boundary conditions (0} =u(m)=0.
u(l) =ulm) =0, (26)

Considering the system of differential equations (25)
whenf=0

/0, for0=<x=-and —=Zx=x
u..zt . s 4

Vu—1, for—-=xr=x—,

i 0, for0=x=-and —=x=x
u..:t _ 5 4

vu—1, for-=xr=—,

' 4 4 27)

with the boundary conditions in equation (26).

Innovative decomposition Solution:

The above equation (27) can be written as
Lu=0andu—-1Lu=0andu—-1 \yhere the

d

v

linear operator is ~* = & tx T 22, Pre-multiplying
both sides of the equation (27) by %~ L™ for each case.
To calculate the components of the decomposition series
(27) for u(x) by using the innovative decomposition
approach outlined in the previous problem, considering
the following three cases:

P

Case I: In the innovative decomposition approach, split
the terms (28) into two parts, one is assigned to the

zero™ zer 0™ component %o ¥c(x) and the remaining
part is assigned to %1 (*} %1 (*] among other terms, for 0
= - == . . . .

=X == s14. In this case, implement the innovative

decomposition approach and obtain the recursive
relation

ug, =ul(l) =ay
— P -1
uy = u(x + L (up)
U, =Li"u,_;lnz=1
ug =ul(l) =a
P, 'y
u;  =u(0x + Ly (ug)
—p-ip N
Uy =Ly (upnz 1 (28)

The boundary condition u'(0) is directly taken from the
equation (26). Nonetheless, such approach is needed to
evaluate the accuracy of the numerical scheme.

{:}:'E;

Case Il: For 1= +, to determine the
components EEES n=0 " the innovative
decomposition approach will be implemented in this
case. On these identifications, the obtained recursive
relation

[
=
o

Un

] —1'”—“"” _—""_f iz_"_l'_ ]
U U I.”__II__‘JZ' .-.-I Ly I.\ -.I.I_I L I_\\..I-I
Uy =L Uy s 1 =2

WMy

=
Up = Ui}

R 7, Pl o4 -
1 -1 -_— — - - — - =-i1
Uy =ui-x ~) L™l 1}I Ly~lu

P —
(Up_g b =2,

The boundary conditions u (Zf'&“"f*'}'&“"@' are

taken directly from solution obtained in case I.

ISSN : 2319 — 3182, Volume-2, Issue-2, 2013



International Journal on Theoretical and Applied Research in Mechanical Engineering (I TARME)

Case lll: For s = =7"7="=7 asin case I, obtain
the recursive relation

g =u()

u, =u()x — )+ L7 uy)

U, =Ly "uy_;knz=1

w =ul)

u, =u(—Nx ——)+ L7 ug)

Uy, =Ly (uy,_4ln=1

(29)
The innovative decomposition solution is

51241728BBE0TEET X a . LT

e
24 UaTD i

~0.05922 x + 9.37635exp ™ x

S ig7ept
1133984 — 043283 ¢ -
R for0zx=l
) -0.03922 x + 9.3763%exp ™ x** -
e +1.187exp™F % for : frz—

1133984 - 043285 x for—=zx=x
(30)
£, L.
| [ m oo
[ [1:!’ e
1
g .
[Displacement u (Present technique & Exact)]

[Displacement & Slope versus x with three different
portions]  Figure 3: Variation of Displacement and

Slope diagrams with x (Present technique & Exact).

Exact Solution: The exact solution for this problem is
referred by Khalifa et al. [5] for contact problems and
result is shown in figure (3).

=z, for0=r=-and —=x=x

) 8 3
“z[l —cosh(z—x), for-<x=—

=z, for0€x<-and —=x=m

] 3 s
“:[1——cnshu —x), for—=x=—

(1)

where ¥y =+ J:l:l:uthn\:) ¥y =+ -J;cuth.\? and
¥, = msinh(—) + 4cosh{=1y. = msinh(=) + 4cosh{=)

IV. DISCUSSION OF RESULTS:

It is a problem of continuous support cable stayed
bridge with obstacles at the cable points. The equation

(27) is solved over the intervals 000 ¢
3 e GmE ’using the innovative
decomposition approach developed. An innovative

decomposition approach and exact solutions agree

almost perfectly with errors smaller than 1075 107% ¢
is possible to remedy the error further by considering
more terms of the new polynomials. Figure (3) shows
dlsplacements and slopes within regions %' iG]
and ' _:' =27 While figure (3b) shows all of the
above in one flgure on a larger scale. Flgure (3b) shows

in  region O GZ*', and ) results

deficits linear varlatlon in displacement and constant in

slope. The region “3" % * 3" % shows parabolic nature

in displacement and linear variation in slope. All the
results are match well with available analytical solution.

V. CONCLUSIONS

A number of linear obstacle cable stayed and
continuous support bridge problems which are generally
encountered in engineering are solved using innovative
decomposition approach. Therefore the results from
innovative decomposition approach are compared with
the exact solution. The innovative decomposition
approach procedure is simple to apply for multi-support
problems also. Like analytical solution, one can get
convergent solution using present novel technique. An
innovative decomposition approach procedure is
systematic and simple. The novel technique can apply to
any type ordinary or partial differential equations. The
above problems deficits that it is possible to remedy the

164

ISSN : 2319 — 3182, Volume-2, Issue-2, 2013



International Journal on Theoretical and Applied Research in Mechanical Engineering (I TARME)

error further by considering more terms of the
innovative decomposition method polynomials. Above
figure (2) shows displacements, slopes and 2 ™ ™
derivative of the displacements positive sine nature,

negative sine nature and slope is same as displacement

nature and linear variation along the beam for 2 ™* ™*
derivative region. All the results are match well with
available analytical solution. In the second problem,
figure (3) shows displacements and slopes deficits linear
variation in displacement and constant in slope. The

LaT, W T,
I =, L=,
4 .-I'\. !

region 3’ s- 3" 1~ shows parabolic nature in
displacement and linear variation in  slope.
Demonstrated results deficits that the innovative method
can use any type of typical problems like obstacle linear
problems like cable stayed bridges and also for which
the closed form solutions are cumbersome.
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